A critically enhanced decay of the Loschmidt echo is characteristic of sudden quench dynamics near a quantum phase transition. Here, we demonstrate that the decay and revival of the Loschmidt echo follows power-law scaling in the system size and the distance from a critical point with equilibrium critical exponents. We reveal such dynamical scaling laws by analyzing relevant perturbations to the Loschmidt echo cast in a scaling invariant form. We confirm the validity and the generality of the predicted dynamical scaling laws with a diverse range of critical models such as Ising spin models with a short and long range interaction, a finite-component system phase transition, and a topological phase transition. Moreover, using the integrability of systems in the thermodynamic limit, we derive such scaling laws analytically from a microscopic analysis. Our finding promotes the Loschmidt echo to a quantitative non-equilibrium probe of criticality and allows for quantitative predictions on the role of criticality on various physical scenarios where the Loschmidt echo is central to describing non-equilibrium dynamics.
A critically enhanced decay of the Loschmidt echo is characteristic of sudden quench dynamics near a quantum phase transition. Here, we demonstrate that the decay and revival of the Loschmidt echo follows power-law scaling in the system size and the distance from a critical point with equilibrium critical exponents. We reveal such dynamical scaling laws by analyzing relevant perturbations to the Loschmidt echo cast in a scaling invariant form. We confirm the validity and the generality of the predicted dynamical scaling laws with a diverse range of critical models such as Ising spin models with a short and long range interaction, a finite-component system phase transition, and a topological phase transition. Moreover, using the integrability of systems in the thermodynamic limit, we derive such scaling laws analytically from a microscopic analysis. Our finding promotes the Loschmidt echo to a quantitative non-equilibrium probe of criticality and allows for quantitative predictions on the role of criticality on various physical scenarios where the Loschmidt echo is central to describing non-equilibrium dynamics.
Introduction.-Physical properties of systems undergoing phase transitions exhibit non-analytic behavior at a critical point [1] . In addition to local order parameters and correlators of physical observables, through which phase transitions are typically characterised [1] , the wave function itself exhibits an abrupt change near critical points of phase transitions, which can be captured by the quantum fidelity [2] , an overlap between two ground states, and its susceptibility [3] . Remarkably, the fidelity and fidelity susceptibility exhibit scaling laws like thermodynamic observables near critical points and such scaling laws make the quantum fidelity a general probe of phase transitions and their universality [2, [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [18] [19] [20] [21] [22] [23] [24] .
A Loschmidt echo (LE), defined as the fidelity between an initial ground-state and its time-evolved state under a quenched Hamiltonian [25] , is a dynamical analogue of the ground-state fidelity, whose behavior is also strongly influenced by the presence of a critical point [4, 27, 28] . When both initial and final parameters of a quench protocol are near a critical point, the LE exhibits oscillatory behavior consisting of a rapid decay followed by a revival [4, [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . The essential feature found is that the initial decay becomes progressively sharper and the revival period longer as one moves closer to the critical point or increase the system size, for a fixed quench size. While this so-called critically enhanced decay of LE has been suggested as a probe of phase transitions [4, 27, 28] , its wide applicability has been hindered by a lack of quantitative scaling laws, analogous to those derived earlier for the quantum fidelity. Moreover, as the LE is a central notion to characterize a variety of phenomena in non-equilibrium dynamics ranging from decoherence in the central spin model [38, 39] , the effects of nonMarkovianity [40] , and the statistics of quantum work distributions [41, 42] , such quantitative scaling laws for the LE could shed new light on the role of criticality in these non-equilibrium dynamics.
In this letter, we establish universal dynamical scaling laws for the critical decay of LE and thereby promote the LE as a quantitative non-equilibrium probe of criticality. This is achieved in two steps, connecting two seemingly disparate properties of LE near a phase transition: (i) We first show that a scaling transformation based on scaling dimensions of relevant parameters leave the equation of motion for LE and thus the LE itself invariant. (ii) We then identify the critical decay of LE as a consequence of perturbatively breaking its scaling invariance due to either reduced system size or increased quench size away from the critical point. Using this strategy, we find dynamical scaling functions of LE and derive a power-law decay of LE for increasing system sizes and decreasing distances from a critical point, solely in terms of equilibrium critical exponents.
We then use various critical models to confirm the validity and the generality of the predicted scaling laws for the LE. The considered models range from the transverse field Ising chain (TFIC) [5] and the Lipkin-MeshkovGlick (LMG) model [44] , which are spin models with a short and long range interaction, respectively, to the quantum Rabi model (QRM) [45] which is a paradigmatic example of a finite-component system phase transition of coupled spins and bosons [3, 47, 48] . In particular, using the LMG model and the QRM, we derive analytically the scaling laws from the microscopic models that agree with the general scaling analysis and also show that the LE is lower-bounded by the ground-state fidelity. In addition, we consider the Su-Schrieffer-Heeger (SSH) model [6] to demonstrate the existence of scaling laws of LE for a topological phase transition.
Scaling laws of the Loschmidt echo.-We consider a family of Hamiltonians H(λ) = H 0 + λH 1 controlled by λ, and a sudden quench protocol where λ is changed from λ i to λ f and the initial state |ψ 0 (λ i ) is the ground state of H(λ i ). The LE of such a quench protocol is defined as
Suppose that H(λ) undergoes a second-order quantum phase transition (QPT) at λ = λ c ≡ 1 in the thermodynamic limit (N → ∞), characterized by a diverging correlation length ξ ∼ |λ − λ c | −ν and a vanishing energy gap ∆ ∼ |λ − λ c | νz with ν and z being the critical exponents. We define λ i = λ c − δλ and λ f = λ i − g and assume δλ, g > 0 for a simplicity. The goal of this section is to establish scaling laws for the critical decay of LE, solely determined by the critical exponents z and ν. Below, we use standard scaling arguments and techniques to arrive at proposed scaling relations. While these techniques may be made rigorous by a renormalisation group analysis, we verify the correctness of the so obtained scaling relations for the LE at the hand of concrete examples in the next sections.
The first step is to establish a scaling invariance of the LE near the critical point through its equation of motion [50] , which reads
where
and L(t = 0) = 1. In a scaling limit of N −1 , δλ, g 1, the most remarkable aspect of a critical system is that a renormalization of the system size N → N/b leaves the partition function invariant [51] . This fact dictates how system parameters and operators (O) should scale upon the renormalization of N → N/b, which are expressed in terms of the scaling dimensions [O] , defined as O → Ob [O] . Using the known scaling dimensions [1, 51] , let us define a scaling transformation,
In addition, we have the scaling dimension of the critical [14] . Under the transformation Eq. (3), the equation of motion Eq. (2) and the initial condition L(t = 0) = 1 are invariant and therefore the LE has a scaling invariance,
The above scaling invariance agrees with an earlier conjecture and numerical results [4, 40, 52] . Below, we analytically derive the above scaling invariance from a microscopic analysis of a certain class of models, thereby confirming its validity for all parameter ranges beyond the reach of numerical calculations. The second step is to connect the scaling invariance of the LE to its critically enhanced decay, which at first sight don't seem to be related as the minimum of the LE remains unchanged under the transformation, thus no critically enhanced decay. Suppose, however, that we repeat the renormalization procedure n times, L(N, δλ, g, t) = L(N b −n , δλb n/ν , gb n/ν , tb −nz ). This system remains in the scaling limit only when the rescaled parameters continue to satisfy
1. The first parameters to exceed unity defines the most relevant perturbation breaking of the scaling invariance [51, 53] and we show that this leads to the critical decay of LE.
We first examine δλ, g 1/N , in which case 1/N becomes relevant perturbation when N b −n ∼ 1. Therefore we substitute b n by N in Eq. (4), which leads to a dynamical scaling function
The minimum of the LE satisfies
−z . For δλ = 0, using the fact that Ψ for
This power law governs the onset of the critical enhancement of the LE decay as one increases N . Next, we consider 1 N , δλ ν g ν where g represents the most relevant perturbation for gb n/ν ∼ 1. Therefore, by trading b n for g −ν in Eq. (4), we find another dynamical scaling function,
from which we define Unlike the model independent asymptotic scaling in Eq. (6), we find that critical models may exhibit qualitatively different asymptotic scaling of the
For the critical models with a few effective degrees of freedom, such as LMG model and QRM, in the next section, we find the finite-size scaling for the critically enhanced decay of the LE for N 1,
and the critical scaling in the thermodynamic limit, On the other hand, for the interacting models such as TFIM and SSH model where there are many modes participating in the LE dynamics, we find an exponential decay of LE [ Fig. 1-(c) ]. Implications-Let us briefly remark on the important implications of our finding before confirming its validity using concrete examples. We note that the LE can be experimentally measured for a generic critical system by probing the decoherence dynamics of a single qubit that is globally coupled to the critical model [4, 27, 28, 39] . Therefore, the scaling laws of LE, Eq. (4)- (9), allow one to extract universal properties of QPTs, such as the location of QCP, all the critical exponents and the universal scaling functions, from measured LE data without any prior knowledge on the nature of critical point. While we considered the T = 0 case, the scaling laws survive for a finite-temperature T by a proper rescaling of temperature T → b z T at a low temperature and by a dynamical decoupling at a high temperature [54] . Moreover, the LE is directly linked to the quantum Fisher information [55] , which underpins recently proposed measures of non-Markovianity and can be related to information backflow [56] [57] [58] . On the basis of our result, the quantitative relation for non-Markovianity and criticality observed in Ref. [40] can now be argued to hold for any critical environment. Finally, as the LE is the characteristic function of the quantum work distribution in a sudden quench process [41, 42] , the scaling laws for LE also implies that the quantum work distribution for a critical system is universal.
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Transverse field Ising models.-Now we turn our at- tention to concrete critical models to show the applicability of the predicted scaling laws. First we consider Ising models in a transverse field [5] , namely,
Here σ
x,y,z j denotes the Pauli operator for jth spin, J ij the interaction between ith and jth spins, λ the strength of transverse field. We will consider two limiting cases of both short and long-range interactions; the first is the transverse field Ising chain (TFIC) with J ij = Jδ i+1,j and the second is the Lipkin-Meshkov-Glick (LMG) model with J ij = J/N . Both models exhibit a QPT at λ = 1 that belong to different universality classes. Namely, TFIC belongs to the Ising universality class with critical exponents ν = z = 1 [1] and the LMG model to the class of infinitely-coordinated models with ν = 3/2 and z = 1/3 [59], which includes QRM considered below.
In Fig. 1 , we present numerical solutions for the LE dynamics of TFIC. A typical LE decay and revival dynamics are shown in 
-60 -40 in the previous section. Moreover, for N 1/ν g 1, we observe an exponential decay [ Fig. 1-(c) ] with a numerical fit ln L min = 2.10 − 0.35 × (N 1/ν g), which can be attributed to the fact that the number of modes participating in LE dynamics of TFIC is extensive. Finally, the asymptotic behavior of 1 − L min ∝ (N 1/ν g) 2/ν , as predicted in Eq. (6), is confirmed [ Fig. 1-(d) ]. In addition to TFIC, we also confirm that all the scaling laws hold for the long-range interaction (LMG model) and we refer readers to Supplementary Materials [60] for the analysis of LE dynamics including the derivation of scaling laws including power-law scaling in the limit N 1/ν g 1 given in Eqs. (8) and (9), as well as a proof that the LE is lower-bounded by the ground-state fidelity.
The quantum Rabi model.-Here we consider the QRM [45] ,
where σ x,z are Pauli operators and a a boson operator. η and λ are the transition frequency and the coupling strength, respectively, in unit of the boson frequency. The QRM undergoes a QPT at λ = 1 in the limit of η → ∞ [3] . It belongs to the same universality class with the LMG model and the Dicke model and the role of system size N is played by η, which can be controlled in experiments to reach the scaling limit [48] . For η → ∞, the effective Hamiltonian of the QRM becomes quadratic [3] and we find the exact analytical expression for the LE as
and (λ) = √ 1 − λ 2 . The first minimum of Eq. (12) is L min ∝ |δλ + g| zν , which occurs at t min = π/ (1 + δλ + g) ∝ |δλ + g| −zν . Therefore, L min and t min vanishes and diverges, respectively, as δλ, g → 0. In order to restore the analyticity of L min for η < ∞, we express it as L min | g→0 = |δλ| zν G min (ηδλ ν ) with lim x→0 G min (x) = x −z . This leads to the finite-size scaling L min ∝ η −z alluded in Eq. (8) . Finally, in the supplementary material [60], we derive an expression for the LE for finite η and show that they are invariant under the transformation Eq. (3), which constitutes an analytical confirmation of Eq. (4). In Fig. 2-(a) and
(not shown). In the limit of η → ∞, we find the vanishing of L min at δλ is governed by a power-law δλ zν with zν = 1/2 [ Fig. 2-(d) ]. Finally, we find that the LE is lower-bounded by the ground-state fidelity, i.e. min
Su-Schrieffer-Heeger model.-We examine whether the scaling law of the LE also holds for a topological phase transition (TPT), as exemplified by the SuSchrieffer-Heeger (SSH) model [6] ,
Here a j and b j are the annihilation operators in two sublattices at site j, J 1(2) are hopping amplitudes. It undergoes a TPT at λ ≡ J 2 /J 1 = 1. We observe in Fig. 3 that the LE of SSH model satisfies all the scaling laws when the Ising critical exponents ν = z = 1 are used. This can be understood from that the SSH model can be mapped to the quantum compass model [61, 62] whose QPT belongs to the Ising universality class. We note that the scaling behaviors are identical for quenches starting in topologically trivial or non-trivial phase. Therefore, we conclude that the LE can be used to probe the universal properties of TPTs, while it is insensitive to the topological order.
Conclusions-We have established general scaling laws for the LE dynamics following a sudden quench and have confirmed its validity and generality using several paradigmatic critical models representing different types of phase transitions. The quantitative scaling laws allow one to probe criticality from the experimentally measurable LE dynamics [4, 27, 28, 39] for a generic critical system without a prior knowledge on the nature of a critical point. Furthermore, the scaling laws of LE directly implies the universality of a wide range of non-equilibrium phenomena characterized by the LE, including the statistics of quantum work distribution and the quantitative relation between Markovianity and criticality [40] The Hamiltonian of the Lipkin-Meshkov-Glick (LMG) model is,
where σ α j is the Pauli matrix at site j along α = x, y, z directions, J is the ferromagnetic coupling in x − y plane and λ is the magnetic field along z direction. Note that in addition to the Ising interaction σ 
where the raising and lowering operator are defined as S ± = S x ± iS y . For γ = 1, the LMG model presents a quantum phase transition at λ c = 1 from paramagnetic phase (λ > 1) to ferromagnetic phase (λ < 1). The critical exponents of the quantum phase transitions in the LMG model are ν = 3/2, z = 1/3.
I. Numerical Results of the Loschmidt echo in the LMG model
As advertised in the main text, here we present numerical results for the LE dynamics of the LMG model in Figure S1 , which confirms all the predicted scaling laws. The Loschmidt echo decays and revivals in time for different system size N is observed ( Figure S1-(a) ). As the system sizes increases, the decays of Loschmidt echo are enhanced ( Figure S1-(a) ). The scaling invariance of the LE presented in Equation (5) of the main text is confirmed in Figure S1 -(b) by showing the collapse of LE for a set of parameters related by the scaling transformation in Equation (3) of the main text. The first minimum of the Loschmidt echo at the quantum critical point δλ = 0 for different values of N and g collapse to a universal function when rescaled as N 1/ν g ( Figure S1 -(c)). In particular, in the limit of N 1/ν g 1, we also see that 1 − L min follows a power-law N 2/ν as predicted in the main text( Figure S1 -(c)). When δλ g, we show the scaling of the minimum of the Loschmidt echo in the thermodynamic limit as a function of δλ ( Figure S1-(d) ). In the limit of δλ → 0, we observe the minimum of Loschmidt echo decays as a power law L min ∝ δλ zν with zν = 1/2 ( Figure S1-(d) ).
II. Diagonalization of the LMG model in the N → ∞ Limit
The LMG model is exactly solvable in the thermodynamic limit [S1] . For completeness, we briefly review the diagonalization of Eq. (S2) through the Holstein-Primakoff (HP) transformation and the Bogoliubov transformation. The .
HP transformation maps the spin operators to boson operators,
Here a and a † are the boson annihilation and creation operators, respectively and they satisfy the standard commutation relations for bosons, [a,
In the thermodynamic limit, the magnetization of the ground state in both ordered and normal phase of the LMG can be obtained from the semi-classical solution, where the spin operator is represented by a vector in the three dimensional space. For λ > 1, the spins are fully polarized along the z direction. Therefore, one may choose the z direction as the axis of quantization and thus the transformations defined in Equations (S5) and (S6) are valid. However, when λ < 1, the spin aligns somewhere between z axis and x axis, whose angle is determined by α = arccos(λ/J). Therefore, before applying the HP transformation, one has to bring the z axis along the semi-classical magnetization direction by rotating the spin operators about the y axis through
Here α = 0 for λ > 1 and α = cos −1 λ/J for λ < 1. The Hamiltonian of the LMG model becomes,
Considering the low energy excitations and setting S = N/2, HP transformation to the rotated spin operators becomes
In the large N limit, we keep terms of order N , √ N , N 0 and approximate 1 − a † a/N by 1 in the HP transformation. The Hamiltonian (S8) is then transformed into
For λ > 1, cos α = 1 and sin α = 0, the LMG Hamiltonian is
For λ < 1, cos α = λ/J and sin α = 1 − λ 2 /J 2 , the LMG Hamiltonian is
III. Analytic results of the Loschmidt echo in the N → ∞ for λ < 1
For simplicity of notation, we take J = 1 as the unit of the energy scale. For λ < 1, the LMG Hamiltonian in the limit of N → ∞ is
The above Hamiltonian can be diagonalized by introducing the squeezing operator
with ξ(λ, γ) = − 
The ground state is then given by
Here |0 is the vacuum state for the bosons and |ξ(λ, γ) is the squeezed state with parameter ξ(λ, γ). The Loschmidt echo for λ i < 1 and λ f < 1 (γ is fixed) is defined by
Then we get
The overlap between two squeezed states |ξ 1 = r 1 e iθ1 and |ξ 2 = r 2 e iθ2 is given by
Therefore the Loschmidt echo in the LMG model in the N → ∞ for
where we define x ≡ ξ(λ i ) − ξ(λ f ). Eq.(S25) means that the Loschmidt echo in the thermodynamic limit presents periodic oscillations in time with period
The maximum of Loschmidt echo in Eq.(S25) is always 1 and thus Loschmidt echo is fully recovered in one period. While the minimum of Loschmidt echo in Eq.(S25) occurs when cos(2t ub (λ f )) = −1, i.e. the time t = (n+1/2)T u , n = 0, 1, 2, · · · . The minimum of the Loschmidt echo is
We note that we can write x in terms of ub ,
from which we have
For a coupling strength that is close enough to the critical point such that we have δλ g, we have
where ub (1 − δλ) ∝ |δλ| zν . Finally, we find the critical exponent of the minimum of the Loschmidt echo as
IV. Analytic results of the Loschmidt echo for the LMG model in the N → ∞ for λ > 1
The Hamiltonian of the LMG model in the N → ∞ for λ > 1 is
This Hamiltonian can also be diagonalized by introducing the squeezing operator
where ξ(λ, γ) = − 
where pp = 2 (λ − γ)(λ − 1). The ground state is then given by
Here |0 is the vacuum state for the bosons and |ξ(λ, γ) is the squeezed state with parameter ξ(λ, γ). Similar to the case of λ < 1, the analytic expression for the Loschmidt echo in the LMG model for λ > 1 is
Here we define x ≡ ξ(λ i ) − ξ(λ f ). Eq. (S37) means that the Loschmidt echo shows periodic oscillation in time with period
.
The maximum of Loschmidt echo in Eq. (S37) is always 1 and thus Loschmidt echo is fully recovered in one period. While the minimum of Loschmidt echo in Eq. (S37) occurs when cos(2t pp (λ f )) = −1, i.e. t = (n + 1/2)T p , n = 0, 1, 2, · · · . The minimum of the Loschmidt echo is
Agian, by expressing x in terms of pp , we have
for δλ g and where we have used pp (1 − δλ) ∝ |δλ| zν . Finally, we find the critical exponent of the minimum of the Loschmidt echo as
Thus the minimum of Loschmidt echo at both sides (λ > 1 and λ < 1) has the same critical exponent zν.
V. Ground state fidelity as a lower bound of Loschmidt echo
Here we prove that the the Loschmidt echo is lower bounded by the ground state fidelity. The ground state fidelity between the initial and final state of the quench protocol reads
Let us focus on only λ < 1 (the same calculation is straightforward for λ > 1). In the N → ∞ limit, we have
By comparing this with Eq. (S27), we find that
Namely, we find here that a lower bound of the Loschmidt echo is determined by the ground state fidelity.
VI. Finite-size scaling of L min
That the minimum of Loschmidt echo is bounded by the fidelity for which the scaling theory is well-known to be applicable [S2] , we use the scaling hypothesis to derive the finite-N scaling exponent from Eq. (S31). Namely, let us now assume that there exists an analytical function with which L min is expressed as
with lim x→∞ Φ(x) being a constant to recover Eq. (S31). For N < ∞, the non-analyticity at δλ = 0 can be removed by requiring that
From this, we find We consider the normal phase of the QRM, λ < 1, whose effective Hamiltonian is given by [S3]
This can be diagonalized by using a squeezing operator
2 ) with ξ = r np (λ) where
That is, we have
up to an additive constant and with
The ground state is
The Loschmidt echo in the normal phase is
whereλ f = λ i + g and λ i = λ c + δλ. First, using Eq. (S51), we find
Therefore, the analytical expression for the Loschmidt echo reads
Therefore, we conclude that the Loschmidt echo oscillates in time with a period T = π/ np (λ f ). The maximum value of the Loschmidt echo is always 1, therefore, it is fully recovered in a full period. The minimum of the Loschmidt echo occurs when
Namely, for t = T /2 + n × T where n is an integer. Let us now examine the scaling behavior of the minimum of the Loschmidt echo, which reads
Using Eq. (S52), we write z 0 in terms of np ,
where np (1 − δλ) ∝ |δλ| zν . Finally, we find the critical exponent of the minimum of the Loschmidt echo as
II. Ground state fidelity as a lower bound of Loschmidt echo
Here we analytically show that the Loschmidt echo is lower bounded by the ground state fidelity. First, let us calculate the ground state fidelity between the initial and final state of the quench protocol,
For the QRM model, in the η → ∞ limit, we have
By comparing this with Eq. (S60), we find that
III. Finite-η scaling of L min
Following the same idea used for the LMG model, we use the scaling hypothesis to derive the finite-η scaling exponent from Eq. (S64). Namely, let us now assume that there exists an analytical function with which L min is expressed as
with lim x→∞ Φ(x) being a constant to recover Eq. (S64). For η < ∞, the non-analyticity at δλ = 0 can be removed by requiring that
From this, we find
IV. Analytical approach for the scaling invariance of the Loschmidt echo
For a finite but large η, the low-energy effective Hamiltonian of the QRM becomes [S3]
with the quartic correction term. The Loschmidt echo is
As shown in Ref. [S3] , the ground state |φ 0,np (λ i , η) is very well-approximated by a squeezed state, whose squeezing parameter r(λ i , η) is determined by a following equation
where ξ = e 2r(λi,η) . For δλ 1, the above equation becomes invariant under a following transformation
On the other hand, on the order of O[η −1 ], the Loschmidt echo for δλ = 0 for η 1 and g 1 has the identical structure as the η → ∞ case, but with a modified squeezing parameter r(λ i , η). That is,
Using the equilibrium scaling properties of np (η, g) [S3] where F is a scaling function, we write
Now, we have all the ingredients to show the scaling invariance of the LE. First, the oscillating term is invariant under
Furthermore, the parameter z becomes invariant under
This is because, upon the above transformation, we have r(λ c , η) → r(λ c , η) − 
which agrees with the result in the main text with ν = 3/2 and z = 1/3.
The momentum k is fixed by the boundary condition of the fermion model. In the subspace, P = 1, anti-periodic boundary is imposed for the fermions, thus k j = if N is odd.
Different modes of H k commute and then we only need to diagonalize each mode separately. For a specific mode k, the Hilbert space of H k is four dimensional with the basis |n k , n −k are |0, 0 , |1, 0 , |0, 1 , |1, 1 . Two basis states |1, 0 and |0, 1 are already eigenstates of H k with eigenvalue 0. The remaining two states |0, 0 , |1, 1 form an invariant subspace of H k . We thus can define a pseudo Pauli-spin τ with the basis are | ↓ = |0, 0 and | ↑ = |1, 1 . Thus we have,
H k | ↓ = −2(λ − cos k)| ↓ − 2i sin k| ↑ .
For simplicity of notation, we define A k = 2(λ−J cos k) and B k = 2J sin k. In the invariant subspace, the Hamiltonian H k can be written as
In terms of pseudo spin, we have For periodic boundary conditions, k = 2πm/N, m = −N/2, · · · , 0, 1, 2, · · · , N/2. We define a pseudo Pauli-spin with the basis states | ↑ = |1 a , 0 b , | ↓ = |0 a , 1 b ). In terms of pseudo spins, the H k can be written as
Thus the eigenvalues of H k are respectively E ± (k) = ± J 2 1 + J 2 2 + 2J 1 J 2 cos k.
The corresponding eigenstates are respectively
Here the θ k is defined by the relation (J 1 + J 2 e −ik ) = E + (k)e iθ k . At zero temperature, the Loschmidt echo in the SSH model is
In the SSH, we define λ = J 2 /J 1 and take J 1 = 1. Thus we have
